MULTIPLE TIME SCALE

Nonlinear Physics MS PHYSICS
LECTURE 2:

- Dr. Zeba Israr
Lahore College for Women University, Lahore.



29-Apr-20 Lecture # 1. Dr. Zeba Israr

Contents

- Problem 2. Van der Pol Oscillator



D
Problem 2

- Van der Pol Oscillator

- The simple equation for this oscillator in 2"d order differential form is given by
2y u|—Eq.1

‘ u+u=e(l-u
This equation is called Van der Pol Oscillator. It has more nonlinear effect and
damping cannot take place in a specified ratio. The time scales for this relation
involves three solutions and T, = t,T; =€ t, T, =€? t. The roots for these time

scale involve the relation
And its roots are u = u(To,71,72,¢€) ‘

U= HD(TD:.Tl:.Tz) + EHI(TD:TI:TE) + EEHE(TD:TI:TZJ ‘

u=ug+eu1+ezu;‘

Now by applying the chain rule.

d _ d dI ddTl_l_ddTg

dr = dlo dr T dli dr © dlh dr

drT dT
~1 =€, 2
dt dt

. dT,
The solution for d—t" =0, =e2,
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d d ed _ ed

- By replacing the values di = dr, T dn T dn
- For 2nd order differential values and by ignoring the higher orders than 2

° . &2 o) ed? 242
§ i (.ﬂ% T drar T anan )T
2 2.2 352 2.2 32 452
ed + € d + _€ d + e<d + € d + € d
dT1dTy cﬂ'% dT1dT dT>dTy dT>dTy cﬂ'%
- By placing the values in Eq. 1
2 2 2.2 2 2.2 342 2.2 342 4.2
a + ed + _€ bg + ed + € a + _f bl + e<d + _€ bl + € fg
af}% dTpdT dTpdT> dTldTy a’j‘% dldT dTldTy dTldT arf%

(o + euy + €*uy) + (up + eur + €*uy) = E[l — (o + euy + EEHQ)E](I{D + euy + €%uy)

Now by solving the whole relation up to 2" order and ignoring the higher
orders.
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d* 4’ 2 4’ a*
L gt e te- L+ e —u
drs 0 drs : drs : dlodl; - °
2 & 2 4t d* 2 &
Y€ rar W1 T € g Yot € gy Uo T €7 S o U
2 42 2 d* 2
+e _a’T?l* Up + € dTdT, Up + Uy T €l + €7 U
2
_ .. d 2 d 2 d _upd
E_a’Tg Up + € _a'i']} Uy + € _a’Tl Up — € T, Uy
2 2
24 2md 24 wpuid
€ U1~ € g o — € 2 o, 1o
- By arranging the orders
! = izug +uy=0
I
2
1 d> d? d* d Uy
€ = =— i+ Ut U T U] = ——U)— ——
dj"% dTodT, dTdT, dTo dTo
a° a° a2 d° d’
, a7 U2 F Fryar, M1 Gran ot grar 1t a7} uo +
—
42 + d 4 d ugd upd 7
dlydl, Wo T U2 = p-Uy T Zp-lo — Zp-ty — S Uo Uo
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- We only need to deal with order zero and one because we have 2"d order

differential equation. ) 2
€' =

—ug+ g =0

D

1 d”"

—

2d*

_ d _
dTodT Uy + Uy up(1—ud)

dTy
D
So we can state that general solution for Eq. 1 includes complex and Vander
Wall relations. ug = A(T1. 1) exp(ilo) + A(T1. 1) exp(—ily)
Also ug = Aexp(iTy) + Aexp(—ily)

€ Uy +

The integral solution | 1y = Aexp(ily ) + constant

Similarly the general solution for 15t order relation can be found by replacing the
value of u, In its equation.

d"‘l
{I

[Aexp(iTy) + Eexp(—iTg)]l:l — [Aexp(iTo) + Aexp(=iTo)]’ ]

(Aexp(iTy) + Aexp(=iTy)) + u; = -%

Sy + i

a’T a’T

By separating the terms of u, and u; and than solving the relation w.r.t its
derivative.
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- We find the following relations.

j—;ul +uy = —a,rdrl (Aexp(iTo) + Aexp(—iTy))

+[1 — [Aexp(iTy) +Eexp(—ng)]2]%}[Aexp(fﬁ) + Aexp(—iTy)]

a* = _2d | 4 4.d ; y _j
il T U= —op [A o exp(iTy) +Aa'r1 exp( ITD)]

0

+[1 — [Aexp(iTo) +Eexp(—ng)]2]diﬂ}[Aexp(ng) + Aexp(—iTy)]

d";ﬂ Uy +up = —2[A i, dr exp(zTD)+AdT dr exp(— ITD):I

+|:1 — [Aexp(iTh) +Z‘Lexp(—ng)] ][Aa,—;; exp(io) +3a% eXp(—fTa)]

2 . N . .
d‘; Uy +uy = —ZI:AQ,—?:] exp(iTy). (i) +Aa,i1,1 exp(—ily). (—1)]

+[ 1= [ exp(iTo))? + @ exp(=iTy))? + 24 exp(iTo)d exp(—iTy) | |[4 exp(ilo)(i) + Aexp(=iTo)(-i)]

2 . } — .
%ul +u; = —ZzAa,iTl exp(iTp) + 21!10,—?,1 exp(—ilyp)

0

+[ 1 - (4exp(iTy))? - @exp(—iTy))* - 244 |[id exp(iTy) — id exp(-iTp)]
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2

U Ty = —ZMQ% exp(iTy) + 25{&,—;{1 exp(—iTp)

o

1[id exp(iTy) — id exp(=iTy)] — (A exp(iTo))*[id exp(iTo) — id exp(—iTy)]
i —(Aexp(—iTy)) [id exp(iTo) — id exp(~iTy )] — 244[id exp(iTy) — id exp(—iTo)]

2

ﬁul +up = —21}40,%1 exp(ilp) + 25_1&,—?1 exp(—iTy)

o

+id exp(iTo) — idexp(=iTy) — id> exp(3iTo) + id*A exp(iTo) |
| —iAd% exp(—iTo) + id" exp(—3iTo) — 2i4*Aexp(iTy) + 2iAA° exp(=iTy) | |

| Zouy + g = ~2id - exp(iTo) + idexp(iTo) — id? exp(3iTo) + id*Aexp(iTo) — 2i4* A exp(ilo) |
i 0

+2if‘1a,—§.rl exp(—iTo) — id exp(—iTy) — idd” exp(~iTy) + id" exp(=3iTy) + 2idA" exp(—iT)

;L;ul +up = —2@4% exp(iTo) + id exp(iTy) — i3 exp(3iTy) + iA* A exp(iTy) — 2i4*4 exp(iTy ) + constant
. 0 1 :

b2 _ _ :
j—z%ul +uy = —fexp(frg)[zadih CA-AA+ 2A2A] — id3 exp(3iTy) + constanté

- = —iexp(i I: d _ z—]_-3 ;
ar Uy + U iexp(ily)| 24 ar A+ A4 |—-id cewq:-(S.zl’];.)+|{:'£Jnstan’[i
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- In order to solve the differential equation from above solution, we apply the
approximations h dA _ 4 427 — 0

dr - R4
- Here 4 is the complex coniuaate of A. The combplex auantity A can be replaced by
‘A = %ae}{p(fcﬁ) ‘Or A= %HEXP(_@)
Where a=a(T,T)) ‘ and |0 = ¢(11.72)

The relations by replacing values in Eq. 3
2
2 d‘; éaexp(zc;ﬁ)) — (%aexp(fc;ﬁ)) + (%aexp(fc;ﬁ)) (%aexp(—fc;ﬁ)) =0 ‘

A (aexp(ig)) - (S acxp(ig) ) + (o> exp(i29)) (S acxp(-ig) ) = 0 \

By product rule exp(ms)— ¥ mﬂ exp(ig) - (g aexp(p) ) + (ga’ exp(ig) ) = 0 ‘

da d 1 .1 3] : ‘
L +ai—— — ~a+ s |exp(ip) =0
Taking exponent common [ dT dr; 2778 p(i9)
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ada 1 A4 3 ; Y
a7, 2H+ gﬂ +asz1 0‘
da 1, 1.3_
Real Part ar, 297 g4 Eq. 4
- aﬂ =0
Imaginary part drl ‘
da _ 1, 1.5
By solving the real part only. dly 2 8
da = %a(l %al )dTl
By taking integral at both sides j 1 da = jdfl
Ta(i- 1)

da = T; + constant

j 1
1 1
Solution for integral za(l+ za)

(-39

In order to solve L.H.S we use the partial frac

tion method.

1
ya(l+3a)(1-a)

Eq.5 <

B

8
T +a)

al2+a)2-a)

=4
a

C
} cz—a)‘

Multiplying both sides by a(a+2)(a-2)

8 = AQ+a)(2—a)+Ba(2 - a)+ Ca(2 +a) | -Eq. 6
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By replacing a=2 in Eq. 6
By replacing a=-2 in Eq. 6
By replacing a=0 in Eq. 6

c=1
B=-1
4=2

Now by replacing the values of A, Band Cin Eqg. 5

2 1
Iﬁ'_(2+a)'+(2—a)

L _da=1+ constant,

Solving integral 2Ina—1In(2+a)—In(2—a) = T; + constant,
Dividing by 2 na-Lm@+a)- Lin@-a) = L- + constant,
| In(2 T +InQ2-a)? = Ehe constant
Applying log rule na+h@+a)z+m@-a)= =5+ 2
na.(2+a) . (2-a)t = % + constant,

Applying log rule

Taking exponent

a2+ a)_% (2 - a)_% = exp(% ) .constant,

Taking square at B.S

@*(2+a)'(2—a)™" = exp(Ty).constant, \
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- By simplifying the whole term

2

H —
2+a)2-a) = exp(77).constant,
@ a’ 2) = er(Tl).CﬂnStantz
—d

= exp(7Ty). u::vc::ns’[:amt2

= exp(7Ty). u::vc:uns’[::?mt2

] = EXp(Tl).COHStantz(iz —1 ‘
a

)
)|

exp(—T7).constant, = (iz 1
a

4
2

exp(—77).constant, + 1 =
)
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1 a?

| + exp(~77).constant, 4

4 -
1 +exp(—T17).constant,

2
- By taking square root Jl + exp(~T1).constant, -
A= %aexp(fqﬁ) ‘
: \?\;npge-r T, 4= Taexplig(T)] \
- By placing the value of “a” % J1+ T ::z:q:.(—;l”l).t:::::nnstz?mt2 ot
iy = Aexp(iTy) + constant = % 2exp(ip) exp(iTo) + constant
- Since jl + T exp(—T77)constant




L
Problem 2

U = 4 cost = 0(€)

1 +constant(7: ) exp(-77)

Which shows the initial condition #(0) = @, and « (0) = 0(¢), so for the smaller scale
%t | has not been reflected in above solution.



